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Abstract
In this paper, we investigate the conserved charges of generally diffeomorphism in-
variant gravity theories with a wide variety of matter fields, particularly of the theories
with multiple scalar fields and p-form potentials, in the context of the off-shell gener-
alized Abbott-Deser-Tekin (ADT) formalism. We first construct a new off-shell ADT
current that consists of the terms for the variation of a Killing vector and expressions
of the field equations as well as the Lie derivative of a surface term with respect to
the Killing vector within the framework of generally diffeomorphism invariant grav-
ity theories involving various matter fields. After deriving the off-shell ADT potential
corresponding to this current, we propose a formula of conserved charges for these theo-
ries. Next, we derive the off-shell ADT potential associated with the generic Lagrangian
that describes a large range of gravity theories with a number of scalar fields and p-
form potentials. Finally, the properties of the off-shell generalized ADT charges for the
theory of Einstein gravity and the gravity theories with a single p-form potential are
investigated by performing Kaluza-Klein dimensional reduction along a compactified
direction. The results indicate that the charge contributed by all the fields in the lower-
dimensional theory is equal to that of the higher-dimensional one at mathematical level
with the hypothesis that the higher-dimensional spacetime allows for the existence of
the compactified dimension. In order to illustrate our calculations, the mass and angu-
lar momentum for the five-dimensional rotating Kaluza-Klein black holes are explicitly
evaluated as an example.
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1 Introduction
The definition of conserved charges in various gravity theories is of great importance for the
understanding of many physics properties of spacetime. As is well known, its remarkable and
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successful applications are those in spacetime thermodynamics and black hole physics. Due
to this, much work has been devoted to seeking feasible approaches to define the conserved
charges of gravity theories appropriately. A rather effective route to do this is to make use
of Noether theorem.
Till now several approaches in terms of the Noether procedure have been proposed
to compute the conserved charges. One of them is the Abbott-Deser-Tekin (ADT) method
[1, 2, 3]. The ADT formalism, which is defined in terms of the Noether potential got through
the linearized perturbation for the expression of equation of motion in a fixed background of
(A)dS spacetime, has made some progress on computation scheme for conserved charges of
asymptotically (A)dS black holes in various gravity theories. Since the background metric is
a vacuum solution of the field equation, the Noether potential in the original ADT formalism
is on-shell. One of the applications for the ADT formalism is to compute the conserved
charges within the context of three-dimensional topologically massive gravity in the work [4],
which was subsequently extended to nonasymptotically AdS black holes in the same thoery
in [5]. Notably, in the latter, although the current is on-shell, the potential was extracted
from the expression of the current derived without the requirement that the background
metric is on-shell. This form of the current allows for the possibility of the construction of
an off-shell current in the context of pure gravity theories. Afterwards, the development for
the derivation of the potential was extended to compute the mass and angular momentum
of three-dimensional Chern-Simons black holes [6, 8] and black holes in three-dimensional
new massive gravity [7].
Recently, in Ref. [9], relieving the constraint that the background metric satisfies the
field equations, Kim, Kulkarni and Yi proposed a quasi-local formulation of conserved
charges within the framework of generic covariant pure gravity theories by constructing
an off-shell ADT current to generalize the conventional on-shell Noether potential in the
original ADT formalism to off-shell level, as well as following works [27, 28, 29] to incorporate
a single parameter path in the space of solutions into their definition. These modifications
make it more operable to evaluate the Noether potential in terms of the corresponding
current and the procedure of computation become more convenient to manipulate. Owing
to these, the off-shell generalized formalism for the quasi-local conserved charges provides
another fruitful way to evaluate the ADT charges for various theories of gravity and it has
been extended to investigate the conserved charges of a wide scope of gravity theories with
or without matter fields [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Particularly, in [10],
3
the method in [9] was generalized to the gravity theories in the presence of matter fields.
In the work [11], reconsidering the conserved charges of generally diffeomorphism in-
variant gravity theories with only gravitational field, we constructed an off-shell generalized
ADT current that takes a different form from the one given in [9] through the linear combi-
nation of the variation of the Bianchi identity for the expression of the field equation and the
Lie derivative for the variation of the Lagrangian along a Killing vector. However, both the
currents are equivalent since the Lie derivative of a surface term with respect to the Killing
vector disappears. Our procedure to construct the off-shell ADT current is rather simple
and the current naturally yields its corresponding potential that completely coincides with
the one in [9]. A question naturally arises, i.e. whether the procedure in [11] is applicable
to construct the off-shell ADT current and potential of diffeomorphism invariant gravity
theories in the presence of a wide variety of matter fields.
On the other hand, p-form gauge fields appear systematically within the context of
the string theories, the higher-dimensional supergravity theories as well as the brane the-
ories, for example, in the ten-dimensional type IIB and eleven-dimensional supergravity
theories. They have attracted much attention in recent years. In particular, some exact
solutions in the supergravity theories have been found. For several of them see the refer-
ences [38, 39, 40, 41, 42, 43]. To understand the behaviour of the p-form gauge fields on the
conserved charges for gravity theories with such fields, it is of great interest to apply the
off-shell generalized ADT formalism to fully identify their contribution. If we do this, the
outcome will be able to provide a basis for further investigation on thermodynamics and
other related properties of the solutions found in these theories. Besides, as is well-known,
if the higher-dimensional spacetime allows for the existence of a compactified dimension,
by performing Kaluza-Klein dimensional reduction along this compactified direction, the
higher-dimensional gravity theories can be described by reduced gravity theories involving
a series of lower-dimensional fields, such as the gravitational field, the Kaluza-Klein vec-
tor, the dilaton field and so on. Through such a procedure, a natural question is how the
conserved charges associated with the higher-dimensional theories of gravity to behave in
the lower-dimensional reduced theories after the dimensional reduction. We wonder wether
a consistent Kaluza-Klein dimensional reduction can yield consistent conserved charges of
the gravity theories.
In consideration of the above issues, the main motivation of the present work is to shed
some light on the conserved charges of generally diffeomorphism invariant gravity theories
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with various matter fields, particularly of the theories with a number of scalar fields and
p-form potentials, in the context of the off-shell generalized ADT formalism proposed in
[9, 10]. To achieve this, along the line of the work [11], the off-shell ADT formalism is
extended to these gravity theories by constructing a new generic off-shell ADT current
without the condition that the Killing vector associated with the conserved charge has to
be fixed. In terms of the off-shell ADT potential constructed from this current, the formula
for the conserved charges is presented. In particular, we propose a very general Lagrangian
that describes a large range of gravity theories with scalar fields and p-form potentials.
Accordingly, the conserved charges for this Lagrangian are explicitly investigated. What is
more, another motivation is to gain a good understanding of the properties for the conserved
charges under the Kaluza-Klein dimensional reduction. This is achieved by exploiting the
off-shell ADT charges of (D + 1)-dimensional pure Einstein gravity and gravity theories
with a single p-form gauge field before and after performing Kaluza-Klein reduction on an
S1 circle. The results demonstrate that the off-shell ADT charges exhibit the property of
invariance under the dimensional reduction.
The remainder of this paper is organized as follows: In section 2, we derive the general
formalism for conserved charges of diffeomorphism covariant gravity theories with arbitrary
matter fields by constructing the off-shell generalized ADT currents and potentials for such
theories in a new manner. In section 3, we move on to apply the general formalism of
conserved charges in the previous section to generic covariant gravity theories in the pres-
ence of multiple scalar fields and p-form potentials. In section 4, we study the properties
of conserved charges of (D + 1)-dimensional Einstein gravity by performing Kaluza-Klein
reduction on a circle. In section 5, the analysis on Einstein gravity is extended to investigate
the behaviour of conserved charges within the framework of gravity theories with multiple
scalar fields and a single (n− 1)-form gauge field. In order to illustrate our calculations, we
consider to explicitly compute the conserved charges of five-dimensional rotating Kaluza-
Klein black holes in light of the off-shell generalized ADT formalism within section 6. The
last section is our conclusions and discussions on future work. To gain more details on our
derivations in the main body of the text, several appendixes are presented. Particularly, in
AppendixA, the off-shell Noether currents and potentials for the Lagrangians with multiple
scalar fields and p-form potentials are calculated in details. The Appendix D is devoted to
the discussion of Kaluza-Klein dimensional reduction to the generic Lagrangian that con-
sists of a number of scalar fields, multiple p-form potentials, as well as a gravitational field,
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along a compactified direction.
2 The off-shell generalized ADT currents and conserved charges
of diffeomorphism invariant gravity theories with arbitrary
matter fields
In our previous work [11], providing a new route varying the Bianchi identity for the expres-
sion of the field equations, together with help of the Killing equation for a Killing vector
that generates a spacetime symmetry, we got another form for the off-shell generalized ADT
current of generally diffeomorphism covariant gravity theories with only gravitational field
given in [9]. The new form of the current contains an additional term that is just one half of
the Lie derivative of a surface term with respect to the Killing vector. However, in essence,
this current makes no difference to the one presented in [9] because of the vanishing of the
Lie derivative for the surface term.
In this section, we generalize the derivation in the work [11] to gravity theories with a
wide variety of matter fields, satisfying the criteria of general covariance. As a result, we
propose a generalized off-shell ADT current that arises from the diffeomorphism symmetry
of the Lagrangian and the vanishing of the divergence for the contraction between the Killing
vector and a generally non-symmetric 2-rank tensor, which is always made up of expressions
of the equations of motion for gravitational field and matter fields. The newly improved
current, including the Lie derivative of the surface term with respect to the Killing vector and
extra terms involving the variation of the Killing vector in comparison with the one given in
[11], differs from the current proposed in [10], where the off-shell generalized ADT formalism
for the pure gravity theories in the work [9] was extended to study conserved charges of
covariant gravity theories in the presence of matter fields. Moving on to construct out the
off-shell ADT potential from the current, we further present a formula for the conserved
charges of these gravity theories along the line of the work [9].
We proceed by considering the Lagrangian describing D-dimensional generally diffeo-
morphism covariant gravity theories with various matter fields
L = √−gL(gµν , ψ(r)) , (2.1)
in which the quantity ψ(r) is taken to run over all the matter fields of the theories. The
variation of the general Lagrangian (2.1) with respect to the gravitational field and all the
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matter fields reads
δL = √−g
(
E(gr)µν δgµν +
∑
r
Eψ(r)δψ(r) +∇µΘµ
(
δg, δψ(r)
))
, (2.2)
where E(gr)µν and Eψ(r) are the expressions for the field equations, and Θµ
(
δg, δψ(r)
)
is a
surface term. When the variation of the gravitation field gµν and the matter fields ψ
(r)
behaves as their Lie derivative along any smooth vector field ζµ, namely, δgµν → Lζgµν and
δψ(r) → Lζψ(r) under diffeomorphisms xµ → xµ − ζµ generated by the vector field ζµ, it
was shown in [10, 26] that the following identity
2∇µ(Eµνζν) = Eµν(gr)Lζgµν −
∑
r
Eψ(r)Lζψ(r) (2.3)
generally holds for diffeomorphism invariant gravity theories. The identity (2.3) plays a key
role for deriving the off-shell Noether current. Its left-hand side is the divergence for the
contraction of the vector ζν with the 2-rank tensor Eµν , which is in general unnecessary to
be symmetric and is defined by
Eµν = Eµν(gr) −
1
2
Zµν(ψ) , (2.4)
where the 2-rank tensor Zµν(ψ) is generally proportional to some combination of the expres-
sions of the field equations Eψ(r) and it vanishes when Eψ(r) = 0. Particularly, in the absence
of matter fields, Eq. (2.3) yields ∇µEµν(gr) = 0, which is just the Bianchi identity for covariant
gravity theories with only gravitational field [11]. Replacing the variation in Eq. (2.2) by
the Lie derivative along the vector field ζµ, as well as making use of Eq. (2.3), we obtain
the following conservation law
∇µJµ = 0 , (2.5)
where the divergence-free vector Jµ, defined by
Jµ = 2Eµνζν + ζµL−Θµ
(Lζg,Lζψ(r)) , (2.6)
is an off-shell Noether current [9, 10, 22] in the sense that the conservation law for this
Noether current holds without the assumption that the equations of motion for the fields
are valid. Furthermore, the off-shell Noether potential Kµν corresponding to the current
can be defined as
Jµ = ∇νKµν . (2.7)
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Next, we focus our attention on detailed derivation of the off-shell generalized ADT
current and its corresponding potential on basis of the above off-shell Noether current and
potential. In the case where the vector ζµ is replaced by a Killing vector ξµ that satisfies
the following symmetry conditions:
Lξgµν = ∇µξν +∇νξµ = 0 ,
Lξψ(r) = 0 , (2.8)
the right-hand side of Eq. (2.3) vanishes, which directly gives rise to
∇µ(Eµνξν) = 0 , (2.9)
i.e. the divergence for the contraction of the Eµν tensor and the Killing vector ξν takes zero
value. This can be regarded as a consequence of the diffeomorphism and symmetry of matter
fields. Significantly, one will see that the identity (2.9) plays a vital role in constructing the
off-shell generalized ADT current in the following. Varying this identity, we get
δ[∇µ(Eµνξν)] = ∇µJ µ[1] = 0 , (2.10)
where the current
J µ[1] = δEµνξν + Eµνξλδgνλ +
1
2
Eµνξνgρσδgρσ + Eµνδξν . (2.11)
Unlike in [9, 10, 11], here and in what follows we do not impose the constraint of the
vanishing of the variation for the Killing vector ξµ, i.e., δξµ = 0, on any current, although
this generally holds for the Killing vectors associated with energy and angular momentum.
In particular, when all the fields satisfy the equations of motion, namely, Eµν(gr) = 0 = Eψ(r) ,
the current J µ[1] becomes the original on-shell ADT current [1, 2].
On the other hand, letting the Lie derivative with respect to the Killing vector ξµ act
on the variation equation (2.2) of the Lagrangian, we have
Lξδ(
√−gL) = √−g∇µ
[
ξµE(gr)ρσ δgρσ + ξµ
∑
r
Eψ(r)δψ(r) + LξΘµ
(
δg, δψ(r)
)]
= −√−g∇µ(Lδξµ) , (2.12)
which yields a conserved current that reads
J µ[2] = ξµE(gr)ρσ δgρσ + ξµ
∑
r
Eψ(r)δψ(r) + LξΘµ
(
δg, δψ(r)
)
+ Lδξµ . (2.13)
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This current, together with the J µ[1] current in Eq. (2.11), should be able to underlie the
construction of a new Noether current. In fact, through a linear combination of the currents
J µ[1] and J µ[2], a new off-shell generalized ADT current can be proposed as
J µADT = J µ[1] +
1
2
J µ[2]
= δEµνξν + Eµνξλδgνλ + 1
2
Eµνξνgρσδgρσ + 1
2
ξµE(gr)ρσ δgρσ
+
1
2
ξµ
∑
r
Eψ(r)δψ(r) +
1
2
LξΘµ
(
δg, δψ(r)
)
+
1
2
Lδξµ + Eµνδξν , (2.14)
where the current J µADT can be thought of as a generalization of the off-shell ADT current
for pure gravity theories in [11] to the one for covariant gravity theories with arbitrary
matter fields when the variation of the Killing vector δξµ vanishes, namely, δξµ = 0. In
addition, in comparison with the off-shell ADT current for the gravity theories with matter
fields in [10], the current in Eq. (2.14), containing the term LξΘµ
(
δg, δψ(r)
)
as well as the
terms with the variation of the Killing vector, gives rise to a different form from the one
given in [10]. However, both of the currents are essentially equivalent since one can verify
that LξΘµ
(
δg, δψ(r)
)
= 0 for the generally diffeomorphism covariant Lagrangian (2.1) under
the condition that the variation of the ξµ Killing vector, obeying Eq. (2.8), disappears.
Our procedure to bring in the off-shell ADT current J µADT is very simple since it is only
constructed out of a combination for two generally satisfied equations, that is, the variation
equation (2.10) of a divergence-free term made up of expressions of the field equations and
a Killing vector, together with the equation (2.12) for the Lie derivative of the variation
of the Lagrangian along the Killing vector. It is also unnecessary for us to fix the Killing
vector in order to get the off-shell ADT current and the latter potential. What is more, we
shall see that our formulation for the off-shell ADT current in turn makes a natural and
practical construction for derivation of its corresponding potential in the following.
In terms of the off-shell ADT current J µADT given by Eq. (2.14), we go on to derive its
corresponding potential QµνADT , which is associated with the current through the well-known
relation
J µADT = ∇νQµνADT . (2.15)
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To do this, the J µADT current multiplied by the factor
√−g is expressed as
√−gJ µADT = δ
(√−gEµνξν)+ 1
2
√−gξµE(gr)ρσ δgρσ +
1
2
√−gξµ
∑
r
Eψ(r)δψ(r)
+
1
2
√−g(LξΘµ(δg, δψ(r))+ Lδξµ) . (2.16)
According to Eq. (2.6), the off-shell Noether current associated with the Killing vector ξµ
is given by Jµξ = J
µ(ζ → ξ). Like in [23, 11], the Jµξ current can also be defined as the
equivalent form, i.e. Jµξ = 2Eµνξν + ξµL, stemming from that the disappearance of the Lie
derivative for the gravitational field and all the matter fields with respect to the Killing
vector leads to the vanishing of the Θµ
(Lξg,Lξψ(r)) term for a generally diffeomorphism
invariant theory. Substituting the off-shell Noether current Jµξ and the Lie derivative of the
surface term Θµ
(
δg, δψ(r)
)
given by
LξΘµ
(
δg, δψ(r)
)
= −2∇ν
(
ξ[µΘν]
(
δg, δψ(r)
))
+ ξµ∇νΘν
(
δg, δψ(r)
)
(2.17)
into Eq. (2.16), we reexpress the current J µADT as the form
√−gJ µADT =
1
2
δ
(√−gJµξ )−√−g∇ν(ξ[µΘν](δg, δψ(r)))
+
1
2
δ
[√−gΘµ(Lξg,Lξψ(r))] . (2.18)
Due to Eq. (2.18), one can observe that the preservation of the LξΘµ
(
δg, δψ(r)
)
term makes
it rather natural lead the ξ[µΘν]
(
δg, δψ(r)
)
term into the potential. Note that the surface
term Θµ
(Lξg,Lξψ(r)) = 0 for the generally diffeomorphism covariant Lagrangian (2.1). We
further send the current J µADT into the form
√−gJ µADT = ∂ν
[1
2
δ(
√−gKµνξ )−
√−gξ[µΘν](δg, δψ(r))]
= ∂ν
(√−gQµνADT ) , (2.19)
where Kµνξ = K
µν(ζ → ξ) is determined by Eq. (2.7). From Eq. (2.19), we draw out
the important relationship between the generalized ADT potential QµνADT and the off-shell
Noether potential Kµνξ , that is,
√−gQµνADT =
1
2
δ(
√−gKµνξ )−
√−gξ[µΘν](δg, δψ(r)) . (2.20)
Equivalently, one can define the off-shell generalized ADT potential as follows:
QµνADT =
1
2
δKµνξ +
1
4
Kµνξ g
ρσδgρσ − ξ[µΘν]
(
δg, δψ(r)
)
. (2.21)
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Compared with the off-shell ADT potential given in [9, 10, 11], it is worth noting that the
Killing vector ξµ involved in the potential (2.21) is unnecessary to be fixed when varying
the potential Kµνξ , although they take the same forms. As it was explicitly demonstrated
in [10], the off-shell ADT potential (2.21) is equivalent with the on-shell Noether potential
derived via the well-known covariant phase space approach, proposed by Lee, Iyer and Wald
(LIW) [24, 25, 26], despite the currents are different from each other. What is more, the
ADT potential is consistent with the one defined via the Barnich-Brandt-Compere (BBC)
method [27, 28, 29, 30], which developed the covariant phase space method. Due to these,
the off-shell ADT formalism can be regarded as an equivalent generalization of the LIW
method or the BBC method. Unlike in [9, 10], note that both the LIW and BBC approaches
also do not impose the constraint that the variation of the Killing vector associated with
the potential has to vanish as in the present work.
Furthermore, as it has been shown that the off-shell ADT current (2.14) arises from the
linear combination of the current J µ[1] and one half of the current J µ[2], a new current in
terms of another linear combination of both the two currents can be proposed as
Jˇ µ = J µ[1] +
1
2
(2k + 1)J µ[2] , (2.22)
where the constant k takes a generic value. A new potential corresponding to the current
Jˇ µ is defined by
Qˇµν = QµνADT + kKµν[2] , (2.23)
where the Noether potential Kµν[2] is determined by the equation J µ[2] = ∇νKµν[2] . According to
Eq. (2.23), one observes that Qˇµν returns to the off-shell ADT potential QµνADT when k = 0
and both the potentials Qˇµν and QµνADT coincide with the original on-shell ADT potential
when all the fields satisfy the equations of motion accompanying with the vanishing of the
variation for the Killing vector.
Like in [9], by following the BBC approach [27, 28, 29, 30] to incorporate a single
parameter path characterized by a parameter s, where s ∈ [0, 1], in the space of solutions,
we define the covariant formulation of conserved charges associated with the off-shell ADT
potential QµνADT in Eq. (2.20) by
Q = 1
8πG(D)
∫ 1
0
ds
∫
dΣµνQµνADT
(
g, ψ(r); s
)
, (2.24)
where dΣµν =
1
2
1
(D−2)! ǫµνµ1µ2···µ(D−2)dx
µ1 ∧ · · · ∧ dxµ(D−2) with ǫ012···(D−1) =
√−g and
G(D) is the gravitational constant in D dimensions. Equation (2.24) can be regarded as a
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proposal of the formalism for the conserved charge, defined in the interior region or at the
asymptotical infinity, for any covariant gravity theory with the Lagrangian (2.1) whenever
its integration is well defined [30]. In contrast to another formula of conserved charges for
covariant gravity theories in [32, 33, 34], which is defined in terms of the so-called solution
phase space method building on basis of the LIW and BBC approaches, the formula (2.24)
is equivalent with that one.
Finally, in contrast with the original ADT formulation [1, 2, 3], the formula (2.24) for
the conserved charges is dependent on the gravitational and matter fields, as well as their
fluctuations, while the usual ADT charges merely involve the gravitational field and its per-
turbation. Such a manner of the original ADT formulation may succeed to produce physical
conserved charges when the matter fields fall off quite fast at infinity and they do not change
the default asymptotic structure, which is the usual asymptotically (A)dS space. Otherwise,
a serious consideration on the contributions from the matter fields becomes necessary to
make the ADT formalism more universal, as in the present work. For example, the original
ADT formulation fails to yield the physically meaningful mass of the black holes in Horn-
deski theory [17] and the Go¨del-type black holes in five-dimensional minimal supergravity
[41]. However, the formula (2.24) is applicable since it contains the contributions from the
matter fields. What is more, if the matter fields are taken into account, the ADT formalism
naturally possesses the property that it is invariant under conformal transformation [14],
but the usual ADT formalism requires the asymptotic condition that the conformal factor
goes to unity at infinity to have the same property [44].
3 Conserved charges of gravity theories with scalar fields and
p-form potentials
In this section, our main goal is to extend the general derivations in the previous section to
systematically investigate the conserved charges of D-dimensional covariant gravity theories
consisting of a gravitational field gµν , m scalar fields φ
(k) (k = 1, 2, · · ·,m) and a number
of p-form potentials A(p), where 1 ≤ p ≤ n − 1 and 2 ≤ n ≤ D. In [31, 36, 37], the
conserved charges of the gravity theories with p-form potentials were also investigated in
other methods. The Lagrangian describing these theories is assumed to take the generic
12
form
L = LR + Lφ + LM ,
LR =
√−gR ,
Lφ =
√−gLφ =
√−g
[ m∑
i,j=1
Xij
(
φ(k)
)∇µφ(i)∇µφ(j) + V (φ(k))] ,
LM =
√−gLM
(
g, φ(k), A(p), F(p+1)
)
, (3.1)
where the (p + 1)-form field strengths are defined by F(p+1) = dA(p) and the pair of the
indices (i, j) in the function Xij are symmetric. In this work, without loss of generality, the
function LM is supposed to possess two types of structures. The first one is
LM ∼ W
(
φ(k)
)
g · · · gF(q1) · · · F(qJ )A(p1) · · ·A(pI ) ,
(p1, · · ·, pI = 1, · · ·, n− 1; q1, · · ·, qJ = 2, · · ·, n) , (3.2)
and the second one is
LM =
√−gW (φ(k))gµ1ν1 · · · gµDνD ǫ¯µ1···µD ×(
F(q1) · · · F(qt)A(p1) · · ·A(ps)
)
ν1···νD . (3.3)
In the above equation, ǫ¯µ1···µD is the totally antisymmetric Levi-Civita tensor density with
ǫ¯01···(D−1) = 1. The indices p1, · · ·, ps = 1, · · ·, (n − 1) and the indices q1, · · ·, qt = 2, · · ·, n.
Equation (3.3) in general describes the conventional Chern-Simons-like terms involved in
various gauge theories. In fact, the first structure of LM in Eq. (3.2) can be generally
rewritten as a more concrete form, which is as follows:
LM = LM =W
(
φ(k)
)
Hµ1···µN(N) Y(N)µ1···µN , 1 ≤ N ≤ D , (3.4)
where the two totally antisymmetric N -rank tensors H(N) and Y(N) are defined by
H(N)µ1···µN =
(
F(q1) · · · F(qt)A(p1) · · · A(ps)
)
[µ1···µN ] ,
Y(N)µ1···µN =
(
F(q˜1) · · · F(q˜j)A(p˜1) · · ·A(p˜i)
)
[µ1···µN ] . (3.5)
In the above equation, the integers p˜1, ···, p˜i range from 1 to (n−1) while the integers q˜1, ···, q˜j
range from 2 to n. In addition, all the indices (p1, · · ·, ps, p˜1, · · ·, p˜i) and (q1, · · ·, qt, q˜1, · · ·, q˜j)
have to satisfy the following constraints
N = (p1 + · · ·+ ps) + (q1 + · · ·+ qt) ,
N = (p˜1 + · · ·+ p˜i) + (q˜1 + · · ·+ q˜j) . (3.6)
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Among all the potentials in H(N) and Y(N), some or all of them are allowed to be equal to
each other, as well as all the field strengths. However, in our analysis, all the potentials
and field strengths are treated as being formally independent of each other. Furthermore,
it is worth noting that the second structure in Eq. (3.3) can also be reexpressed as the
form like the one in Eq. (3.4) if the Levi-Civita tensor density ǫ¯µ1···µD is understood as a
D-form “potential”, but an additional factor
√−g appears. In such a case, one will see that
the procedure to derive the expected results, including the expressions of the equations of
motion, currents and potentials, is parallel with the one for LM with the form (3.2) or (3.4)
from appendix A. To this point, the form (3.4) for LM is more general.
Let us pause to make a comment on the Lagrangian LM . Due to the forms of LM
given in Eqs. (3.2), (3.3) and (3.4), one sees that the Lagrangian LM is very general. It
incorporates a broad class of terms consisting of scalar fields and p-form gauge fields for the
Lagrangians in the context of a wide range of gravity theories with these matter fields, such
as the Einstein-Maxwell-dilaton theories, the low-energy effective field theories of heterotic
string theories, supergravity theories and so on. Particularly in the context of supergravity
theories, the parts involving scalar fields and p-form potentials of the Lagrangian, describing
the five-dimensional Einstein-Maxwell-Chern-Simons theory, the bosonic sector of the ten-
dimensional type IIB supergravity, the bosonic part of the eleven-dimensional supergravity
etc can be regarded as special cases of LM .
Varying the Lagrangian (3.1) with respect to the gravitational field, the scalar fields and
the p-form potentials, one obtains
δL = √−g
[
E(gr)µν δgµν +
m∑
k=1
E˘(φ)(k) δφ(k) +
n−1∑
p=1
E(A)µ1···µp(p) δA(p)µ1 ···µp
+∇µΘµ
(
δg, δφ(k) , δA(p)
)]
, (3.7)
where the expressions E(A)µ1···µp(p) of the field equations with respect to the gauge fields A(p)
are given in Eq. (A.2), and the other ones for the gravitational field and scalar fields, as
well as the surface term, are defined through
E(gr)µν = E(gr)(R)µν + E
(gr)
(φ)µν + E
(gr)
(M)µν , (3.8)
E˘(φ)(k) = E˜
(φ)
(k) + E
(φ)
(k) , (3.9)
Θµ = Θµ(R) +Θ
µ
(φ) +Θ
µ
(M) . (3.10)
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In the above equations, for the expressions E(gr)(M)µν and E
(φ)
(k) , as well as the boundary term
Θµ
(M)
, see Eq. (A.2). Both the E(gr)
(φ)µν
and E˜(φ)
(k)
expressions of the field equations and the
surface term Θµ(φ) are presented by Eqs. (A.19) and (A.20) respectively. In addition, the
expression for the equation of motion E(gr)(R)µν and the boundary term Θµ(R), associated with
the Lagrangian LR, are read off as
E(gr)(R)µν = Gµν = Rµν −
1
2
gµνR ,
Θµ(R) = 2g
µ[ρgν]σ∇νδgρσ = ∇µ(gρσδgρσ)−∇ρδgρµ . (3.11)
According to Eq. (2.6), the off-shell Noether current with respect to the Lagrangian
(3.1) is defined by
Jµ = 2Eµνζν + ζµL−Θµ
(Lζg,Lζφ(k),LζA(p))
= Jµ(R) + J
µ
(φ) + J
µ
(M) . (3.12)
In Eq. (3.12), the Jµ(R) current, corresponding to the Lagrangian LR, is defined through
Jµ(R) = 2E
(gr)µν
(R) ζν + ζ
µLR −Θµ(R)(Lζg) . (3.13)
Its corresponding potential Kµν(R) has the form
Kµν(R) = 2∇[µζν] . (3.14)
the Jµ
(φ)
current given by Eq. (A.23) takes a zero value, that is, Jµ
(φ)
= 0, and the Jµ
(M)
current, associated with the Lagrangian LM , is presented by (A.12). The quantity Eµν is
given by
Eµν = E(gr)µν(R) + E
(gr)µν
(φ) + Eµν(M) , (3.15)
where the specific expression for Eµν(M) can be found in Eq. (A.11). The Noether current Jµ
in Eq. (3.12) further yields the off-shell Noether potential
KµνRφM = K
µν
(R) +K
µν
(φ) +K
µν
(M)
= 2∇[µζν] −
n−1∑
p=1
p(p+ 1)U
µνµ1···µ(p−1)
(p+1) ζ
σA(p)σµ1···µ(p−1) , (3.16)
where Kµν(φ) = 0 and the potential K
µν
(M), associated with the Lagrangian LM , is determined
by Eq. (A.13).
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Next, like before, supposing that the spacetime admits a Killing vector ξµ that obeys
all the conditions demanded in Eq. (2.8), the off-shell ADT potential QµνRφM involving
this Killing vector is given in terms of the Noether potential KµνRφM in Eq. (3.16) and the
Θµ
(
δg, δφ(k) , δA(p)
)
surface term in Eq. (3.10) by
QµνRφM =
1
2
1√−g δ
(√−gKµνRφM (ξ)) − ξ[µΘν](δg, δφ(k) , δA(p))
= Qµν(R) +Q
µν
(φ) +Q
µν
(M) , (3.17)
where the total potential QµνRφM is accordingly split into three parts, i.e., the potentials
Qµν(R), Q
µν
(φ) and Q
µν
(M), corresponding to the contributions from the Lagrangian LR, Lφ and
LM respectively, are given by
Qµν(R) =
1
2
1√−g δ
(√−gKµν(R)(ξ)) − ξ[µΘν](R)(δg) , (3.18)
Qµν(φ) = −ξ[µΘ
ν]
(φ)
(
δφ(k)
)
, (3.19)
Qµν(M) =
1
2
1√−g δ
(√−gKµν(M)(ξ))− ξ[µΘν](M)(δA(p)) . (3.20)
The off-shell ADT current J µRφM for the Lagrangian (3.1) can be got through the relation
J µRφM = ∇νQµνRφM . When LM in Eq. (3.4) is adopted to take the place of the quantity
LM of the Lagrangian LM in the total Lagrangian (3.1), the ADT potential Qµν(M) can be
substituted by Qµν(LM ), which is defined by
Qµν(LM ) =
1
2
1√−g δ
(√−gKµν(LM )(ξ)) − ξ[µΘν](LM )(δA(p)) , (3.21)
where the surface term Θµ(LM ) and the off-shell Noether potential K
µν
(LM )
can be found in
Eqs. (A.14) and (A.17) respectively. Furthermore, substituting the off-shell ADT potential
(3.17) into Eq. (2.24), one obtains the formula for the conserved charge associated with the
Lagrangian (3.1).
As we have mentioned in the previous section, the off-shell ADT potential (3.17) is
essentially equivalent with those derived through the LIW method [24, 25, 26] and the BBC
method [27, 28, 29, 30] respectively. For example, when Eq. (3.17) is applied to compute
the off-shell ADT potential for the gravity theory with a single p-form potential given
in the works [36] and [37], where potentials for this theory were derived through the LIW
approach and the BBC method respectively, one finds that all the potentials agree with each
other. On the other hand, as a consequence of the generality for the Lagrangian LM , the
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potential (3.17) can be widely used to compute the conserved charges of gravity theories in
the presence of scalar fields and p-form gauge fields. Its typical applications are to calculate
the conserved charges of black holes in Einstein-Maxwell-dilaton theory and supergravity
theories [38, 39, 40, 41, 42, 43], such as the dyonic AdS black holes in four-dimensional
maximal N = 8, SO(8) gauged supergravity [38], the general nonextremal rotating charged
AdS black holes in five-dimensional U(1)3 gauged supergravity [39], the rotating charged
Kaluza-Klein black holes [40] and the rotating charged Go¨del-type black holes [41] in five-
dimensional minimal supergravity, the general nonextremal charged rotating black holes in
five-dimensional minimal gauged supergravity [42], and so on. If the formula (2.24), endowed
with the off-shell ADT potential (3.17), is applied to compute the conserved charges within
the low-energy effective field theory describing heterotic string theory like in [14], one can
observe that all the results in that work are covered.
4 Conserved charges of (D+1)-dimensional Einstein gravity
under Kaluza-Klein reduction
In this section, we investigate the behaviour of conserved charges in (D + 1)-dimensional
general relativity, which is defined through the off-shell generalized ADT potential, by
performing a Kaluza-Klein reduction procedure along a compactified direction with S1
topology. As is known to us, the (D + 1)-dimensional Einstein gravity is described by the
Einstein-Hilbert Lagrangian
LˆRˆ =
√
−gˆRˆ . (4.1)
Here and in what follows, all the quantities with the hat “ ˆ ” correspond to the ones
in (D + 1)-dimensional spacetime. It is assumed that the (D + 1)-dimensional spacetime
manifold MD+1 is the direct product of a D-dimensional spacetime manifold MD and an
S1 circle, namely, MD+1 =MD⊗S1. The (D+1)-dimensional spacetime may be endowed
with the coordinate system xˆµˆ = (xµ, z), where xµ, parametrizing the manifold MD, runs
over all the coordinates in D dimensions and the z coordinate indicates the compactified
direction on the S1 circle of radius L. By further introducing some D-dimensional fields,
which are the metric tensor gµν , the Kaluza-Klein vector Aµ and the dilaton ϕ respectively,
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the (D + 1)-dimensional metric ansatz is supposed to take the following form [35]:
dsˆ2(D+1) = e
2αϕds2(D) + e
2βϕ(dz +A)2 ,
ds2(D) = gµνdx
µdxν , (4.2)
where the 1-form gauge field reads A = Aµdxµ, while both the two dimensionally dependent
constants α and β are given by
β = −(D − 2)α , α2 = 1
2(D − 1)(D − 2) . (4.3)
It is supposed that all the components of the (D + 1)-dimensional metric tensor gˆµˆνˆ do
not include the z coordinate as a variable. As a result, all the D-dimensional fields, such
as gµν , Aµ and ϕ, are independent of the coordinate z. By performing a Kaluza-Klein
dimensional reduction of the (D + 1)-dimensional ansatz (4.2) along the z direction, the
(D + 1)-dimensional Einstein-Hilbert Lagrangian (4.1), which only consists of the (D + 1)-
dimensional metric tensor gˆµˆνˆ , can be reexpressed in terms of all the D-dimensional fields
as
LˆRˆ = LEMD =
√−gLEMD
=
√−g
(
R− 1
2
∇µϕ∇µϕ− 1
4
e−2(D−1)αϕF2
)
, (4.4)
where the 2-form field strength F = dA. Note that we have dropped theϕ term that makes
no contribution to the field equations and one can strictly prove that this term also con-
tributes nothing to the off-shell ADT potential. The lower-dimensional Lagrangian LEMD
is the one describing the Einstein-Maxwell-dilaton theory for a particular value −2(D−1)α
of dilaton coupling. Equation (4.4) demonstrates that the (D + 1)-dimensional Einstein
gravity is essentially equivalent to the D-dimensional theory equipped with a gravitational
field, a scalar and a U(1) gauge field.
Letting ξˆµˆ denote a (D + 1)-dimensional Killing vector, according to Eq. (3.18), an
off-shell ADT potential for the Einstein-Hilbert Lagrangian LˆRˆ takes the form
Qˆµˆνˆ
(Rˆ)
=
1
2
1√−gˆ δ
(√−gˆKˆ µˆνˆ
(Rˆ)
(ξˆ)
)− ξˆ[µˆΘˆνˆ]
(Rˆ)
(δgˆ) . (4.5)
On the other hand, with help of Eq. (3.17), the ADT potential related to the D-dimensional
Lagrangian LEMD is given by
QµνEMD =
1
2
1√−g δ
(√−gKµνEMD(ξ))− ξ[µΘν]EMD(δg, δϕ, δA) , (4.6)
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where the KµνEMD potential, which can be deduced from Eq. (3.16), and the surface term
ΘµEMD are presented by
KµνEMD = 2∇[µξν] + e−2(D−1)αϕξσAσFµν ,
ΘµEMD = ∇µ(gρσδgρσ)−∇ρδgρµ
−(∇µϕ)δϕ − e−2(D−1)αϕFµνδAν , (4.7)
respectively. The vector ξµ in Eq. (4.7) is the D-dimensional Killing vector, reflecting the
symmetry of spacetime and satisfying
Lξgµν = 0 , Lξϕ = 0 , LξA = 0 . (4.8)
In the Appendix C, we have proved that the ξˆµˆ(b) vector, defined through ξˆ
µˆ
(b) = (ξ
µ, b), is
a Killing vector in (D+1) dimensions, where the parameter b is an arbitrary constant, if the
D-dimensional ξµ vector satisfies Eq. (4.8). The ξˆµˆ(b) vector is associated with the off-shell
Noether potential Kˆ µˆνˆ
(Rˆ)
(
ξˆ(b)
)
= Kˆ µˆνˆ
(Rˆ)
(
ξˆ → ξˆ(b)
)
, whose (µ, ν)-component is reexpressed in
terms of all the lower-dimensional fields as
Kˆµν
(Rˆ)
(
ξˆ(b)
)
= e−2αϕKµνEMD + 2ξ
[µ∇ν]e−2αϕ + be−2DαϕFµν . (4.9)
To derive Eq. (4.9), we have made use of Eq. (C.3). On the other hand, by utilizing Eq.
(B.8), one finds that the µ-component of the (D + 1)-dimensional surface term Θˆµˆ
(Rˆ)
and
the D-dimensional one ΘµEMD has the following relationship
Θˆµ
(Rˆ)
= e−2αϕΘµEMD +
e−2αϕ√−g δ
(√−ge2αϕ∇µe−2αϕ) . (4.10)
Hence, when ξˆµˆ(b) = ξˆ
µˆ
(0) = (ξ
µ, 0) , Eqs. (4.9) and (4.10) yield
√
−gˆQˆµν
(Rˆ)
(
ξˆ(0)
)
=
√−gQµνEMD +
√−ge2αϕδξ[µ∇ν]e−2αϕ . (4.11)
In Eq. (4.11), the (µ, ν)-component of the (D + 1)-dimensional off-shell ADT potential
multiplied by the factor
√−gˆ coincides with the D-dimensional ADT potential multiplied
by the factor
√−g, if the variation of the Killing vector vanishes, that is, δξµ = 0. This
is always guaranteed when the Killing vectors are associated with the mass and angular
momentum. On the other hand, when ξˆµˆ(b) = ξˆ
µˆ
(1) = (0, · · ·, 0, 1), one gets
√
−gˆQˆµν
(Rˆ)
(
ξˆ(1)
)
=
1
2
δ
(√−ge−2(D−1)αϕFµν) . (4.12)
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On basis of Eq. (4.11), together with help of the formula (2.24) for the conserved charge
and the relationship between the (D + 1)-dimensional gravitational constant Gˆ(D+1) and
the one G(D) in D dimensions, namely,
Gˆ(D+1) = 2πLG(D) , (4.13)
where L is the radius of the S1 circle, one observes that the conserved charges in (D + 1)
dimensions coincide with the ones in D dimensions. That is to say, the conserved charge
defined in terms of the off-shell generalized ADT potential is invariant under Kaluza-Klein
dimensional reduction in the framework of the theory for Einstein gravity. It has been
mentioned that the off-shell generalized ADT method is equivalent with the LIW and BBC
methods, so the conserved charges defined via these methods also exhibit the property
that they are invariant under Kaluza-Klein reduction along a compactified direction. On
the other hand, according to the formula (2.24), the conserved charge associated with the
Killing vector ξˆµˆ(1) is defined by
Qz = 1
32π(D − 2)!G(D)
∫
∂Σ
e−2(D−1)αϕFµνǫµνµ1µ2···µ(D−2)dxµ1 ∧ · · · ∧ dxµ(D−2) , (4.14)
where ∂Σ is the boundary of a (D−1)-dimensional hypersurface Σ. The charge Qz is nothing
but the electric charge with respect to the Kaluza-Klein vector Aµ in the D-dimensional
Einstein-Maxwell-dilaton theory described by the Lagrangian (4.4). As a consequence, we
conclude that the angular momentum along the z direction in the context of the higher-
dimensional Einstein gravity theory is just the electric charge associated with the Kaluza-
Klein vector in the lower-dimensional theory when the conserved charge is defined in terms
the off-shell ADT formalism.
5 Properties for conserved charges in gravity theories with
n-form field strength under Kaluza-Klein reduction
In this section, we extend the analysis in the previous section to investigate the properties
of conserved charges for gravity theories including a gravitational filed, a single n-form field
strength and m scalar field φ(k) (k = 1, · · ·,m) by performing Kaluza-Klein dimensional
reduction along a compactified direction on a circle. In comparison with the case of Einstein
gravity, we wonder whether the conserved charge will be influenced by the Kaluza-Klein
reduction when the matter fields are included.
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Without loss of generality, we take into consideration the (D+1)-dimensional Lagrangian
that has the form
LˆRˆFˆ = LˆRˆ + LˆFˆ + Lˆφ ,
LˆFˆ =
√
−gˆγ(φ(k))Fˆ 2(n) ,
Lˆφ =
√
−gˆ
[ m∑
i,j=1
Xij
(
φ(k)
)∇ˆµˆφ(i)∇ˆµˆφ(j) + V (φ(k))] , (5.1)
where the Lagrangian LˆRˆ is given in Eq. (4.1), and the n-form field strength Fˆ(n) = dAˆ(n−1).
What is more, in Eq. (5.1), the (n−1)-form potential Aˆ(n−1) in (D+1) dimensions is defined
in terms of the D-dimensional gauge fields A(n−1) and A(n−2) by
Aˆ(n−1)µ1 ···µ(n−1) = A(n−1)µ1···µ(n−1) ,
Aˆ(n−1)µ1···µ(n−2)z = A(n−2)µ1···µ(n−2) . (5.2)
From Eq. (5.2), one easily gets all the components of the Fˆ(n) field strength that are
Fˆ(n)µ1 ···µn = F(n)µ1···µn
= n∇[µ1A(n−1)µ2···µn] ,
Fˆ(n)µ1 ···µ(n−1)z = F(n−1)µ1···µ(n−1)
= (n− 1)∇[µ1A(n−2)µ2···µ(n−1)] . (5.3)
In the present case, the (D+1)-dimensional metric ansatz is assumed to take the same form
as the one in Eq. (4.2). Besides, all the fields, including the metric tensor gˆµˆνˆ , the A(n−1)
and A(n−2) potentials, and the scalar fields φ(k), are assumed to have no dependence on the
z coordinate. Obviously, both the lower-dimensional F(n) and F(n−1) strengths, together
with the functions Xij , V and γ, are independent of the z coordinate as well.
Now, following the general derivation for the Lagrangian with multiple scalar fields and
p-form potentials in Appendix D to perform Kaluza-Klein dimensional reduction along the
z direction on basis of the (D+1)-dimensional ansatz (4.2), we further send the Lagrangian
(5.1) to the form
LˆRˆFˆ = LRF
= LEMD + LF + L˜φ , (5.4)
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where the quantities LF and L˜φ are given by
LF =
√−gγ(e−2(n−1)αϕF˜ 2(n) + ne2(D−n)αϕF 2(n−1)) ,
L˜φ =
√−g
( m∑
i,j=1
Xij∇µφ(i)∇µφ(j) + e2αϕV
)
, (5.5)
and see Eq. (4.4) for the expression of LEMD. In Eq. (5.5), the n-form field strength F˜(n)
is defined by
F˜(n)µ1···µn = F(n)µ1···µn − nF(n−1)[µ1···µ(n−1)Aµn] . (5.6)
Note that here dF˜(n) 6= 0.
Next, we pay attention to calculating the off-shell ADT potentials for the Lagrangians
LF and LˆFˆ . As before, we introduce a Killing vector ξµ in the D-dimensional spacetime,
which also satisfies the following equations
LξA(n−2) = 0 , LξA(n−1) = 0 ,
Lξφ(k) = 0 , (k = 1, · · ·,m) , (5.7)
apart from the ones in (4.8). According to Eq. (3.20), the ξµ Killing vector is in one-to-one
correspondence with the ADT potential for the D-dimensional Lagrangian LF , which takes
the form
Qµν(F ) =
1
2
1√−g δ
(√−gKµν(F )(ξ)) − ξ[µΘν](F )(δA(n−2), δA(n−1)) , (5.8)
in which the off-shell Noether potential Kµν(F )(ξ), defined through Eq. (A.13), are read off
as
Kµν(F )(ξ) = −2n(n− 1)γe−2(n−1)αϕξσ
{
F˜
µνµ1···µ(n−2)
(n) ×[
A
(n−1)
σµ1···µ(n−2) − (n− 2)Aµ(n−2)A(n−2)σµ1···µ(n−3)
]
+(n− 2)e2(D−1)αϕFµνµ1···µ(n−3)(n−1) A
(n−2)
σµ1···µ(n−3)
}
, (5.9)
and the surface term Θµ(F ), defined by Eq. (A.2), is expressed as
Θµ(F ) = 2nγe
−2(n−1)αϕ{F˜µµ1···µ(n−1)(n) ×[
δA
(n−1)
µ1···µ(n−1) − (n− 1)Aµ(n−1)δA(n−2)µ1···µ(n−2)
]
+(n− 1)e2(D−1)αϕFµµ1···µ(n−2)(n−1) δA
(n−2)
µ1···µ(n−2)
}
. (5.10)
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In the parallel analysis, with help of Eq. (3.20), the off-shell ADT potential for the (D+1)-
dimensional Lagrangian LˆFˆ is given by
Qˆµˆνˆ
(Fˆ )
=
1
2
1√−gˆ δ
(√−gˆKˆ µˆνˆ
(Fˆ )
(ξˆ)
)− ξˆ[µˆΘˆνˆ]
(Fˆ )
(
δAˆ(n−1)
)
, (5.11)
where
Kˆ µˆνˆ
(Fˆ )
(ξˆ) = −2n(n− 1)γFˆ µˆνˆµˆ1···µˆ(n−2)(n) ξˆσˆAˆ
(n−1)
σˆµˆ1···µˆ(n−2) ,
Θˆµˆ
(Fˆ )
= 2nγFˆ
µˆµˆ1···µˆ(n−1)
(n) δAˆ
(n−1)
µˆ1···µˆ(n−1) , (5.12)
taking relatively simple forms.
As what has been done in the previous section, here we still expect to get the exact
relationship between the ADT potentials for the Lagrangians LF and LˆFˆ . In order to do
this, we first compare the surface terms yielded by the variation of both the Lagrangians.
The µ-component of the (D+1)-dimensional surface term Θˆµˆ
(Fˆ )
is presented in terms of all
the lower-dimensional fields by
Θˆµ
(Fˆ )
= 2nγgˆµν Fˆ
µˆ1···µˆ(n−1)
(n)ν Aˆ
(n−1)
µˆ1···µˆ(n−1)
+2nγgˆµzFˆ
µˆ1···µˆ(n−1)
(n)z Aˆ
(n−1)
µˆ1···µˆ(n−1)
= e−2αϕΘµ
(F )
, (5.13)
in which Eq. (D.3) in the AppendixD has been used in order to get the last identity. On the
other hand, the (D+1)-dimensional off-shell Nother potential Kˆµν
(Fˆ )
(
ξˆ(b)
)
, where the (D+1)-
dimensional Killing vector ξˆµˆ(b) has the value (ξ
µ, b) and both the Eqs. (C.8) and (C.9) show
that the Lie derivative of the Aˆ(n−1) potential along this vector vanishes, is connected with
the D-dimensional potential Kµν(F )(ξ) through Eq. (E.6). Hence, by combining Eq. (5.13)
with Eq. (E.6), one finds that
√
−gˆQˆµν
(Fˆ )
(
ξˆ(0)
)
=
√−gQµν(F ) (5.14)
when the Killing vector ξˆµˆ(b) = ξˆ
µˆ
(0) = (ξ
µ, 0).
Making use of (3.19), one observes that the ADT potentials Qˆµν(φ) and Q˜
µν
(φ), associated
with Lˆφ and L˜φ respectively, are related to each other through√
−gˆQˆµν
(φ)
(
ξˆ(0)
)
=
√−gQ˜µν
(φ)
(
ξˆ(0)
)
= −√−gξ[µΘν](φ)
(
δφ(k)
)
, (5.15)
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in which the surface term Θµ(φ) is presented in Eq. (A.20). On basis of Eqs. (4.11), (5.14)
and (5.15), one further obtains the relationship between the total ADT potential Qˆµν
(RˆFˆ )
for the higher-dimensional Lagrangian LRˆFˆ and the one Qµν(RF ) for the lower-dimensional
Lagrangian LRF , that is,
√
−gˆQˆµν
(RˆFˆ )
(
ξˆ(0)
)
=
√
−gˆ[Qˆµν
(Rˆ)
(
ξˆ(0)
)
+ Qˆµν
(Fˆ )
(
ξˆ(0)
)
+ Qˆµν(φ)
(
ξˆ(0)
)]
=
√−g(QµνEMD +Qµν(F ) + Q˜µν(φ))
=
√−gQµν(RF ) . (5.16)
To arrive at the second equality in Eq. (5.16), the variation of the Killing vector ξµ is
required to vanish since
√−gˆQˆµν
(Rˆ)
=
√−gQµνEMD holds under the condition that δξµ = 0.
Generally speaking, the variation of the Killing vector with respect to mass or angular
momentum always disappears. As the case of Einstein gravity in the previous section, from
Eq. (5.16), we are able to see that the conserved charges defined through the formula (2.24)
are unchanged before and after performing Kaluza-Klein reduction to the gravity theory
described by the Lagrangian (5.1).
Besides, when the Killing vector ξˆµˆ(b) = ξˆ
µˆ
(1) = (0, · · ·, 0, 1), with help of Eq. (E.6), the
off-shell ADT potential associated with this vector is read off as
√
−gˆQˆµν
(RˆFˆ )
(
ξˆ(1)
)
= −n(n− 1)δ
(√−gγe−2(n−1)αϕF˜µµ1···µ(n−2)ν(n) A(n−2)µ1···µ(n−2))
+
1
2
δ
(√−ge−2(D−1)αϕFµν) . (5.17)
In light of the formula (2.24), the conserved charge associated with the potential (5.17) is
defined by
Q˜z = Qz − n(n− 1)
8πG(D)
∫
∂Σ
γe−2(n−1)αϕF˜
µµ1···µ(n−2)ν
(n) A
(n−2)
µ1···µ(n−2)dΣµν , (5.18)
where the charge Qz is given by Eq. (4.14). The charge Q˜z is the angular momentum along
the z coordinate in (D+1) dimensions. In analogy with the case of Einstein gravity in the
last section, from a D-dimensional perspective, Q˜z can be thought of as the electric charge
associated with the U(1) gauge field Aµ in the lower-dimensional reduced theory described
by the Lagrangian (5.4).
It is worth noting that we have assumed that the higher-dimensional geometry allows a
compactified dimension to exist so that its metric ansatz can be decomposed as the form in
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Eq. (4.2), in order to get the property that the off-shell generalized ADT charges remain
the same at mathematical level before and after Kaluza-Klein dimensional reduction in the
frame work of the Einstein gravity theory and the gravity theories with a single n-form
field strength. All the results demonstrate that the consistent dimensional reduction can
yields consistent conserved charges. Due to this, one is able to simplify the calculations of
the conserved charges via performing dimensional reduction or lifting. Generally speaking,
the higher-dimensional gravity theories consist of less fields and the Lagrangian describing
these theories is more compact. Accordingly, the off-shell ADT potential for the Lagrangian
is simpler. Consequently, to simplify calculations, the conserved charges for the lower-
dimensional theories can be evaluated in higher dimensions by performing dimensional
lifting. This will be illustrated in the next section.
6 An example: conserved charges of Kaluza-Klein black holes
As an application of the general derivation in section 4, we shall explicitly evaluate the mass
and angular momentum of five-dimensional rotating Kaluza-Klein black holes found in [45]
in this section. These black holes are the exact solution of pure Einstein gravity in five
dimensions, described by the Einstein-Hilbert Lagrangian Lˆ(5D) =
√−gˆRˆ. Under Kaluza-
Klein dimensional reduction from five dimensions to four dimensions, the Kaluza-Klein
black holes can be seen as the rotating black holes with both electric and magnetic charges
in the four-dimensional Einstein-Maxwell-dilaton theory with a particular dilaton coupling.
According to the lower-dimensional Lagrangian (4.4), the four-dimensional Lagrangian for
this theory takes the form
L(4D) =
√−g
(
R− 1
2
∇µϕ∇µϕ− 1
4
e−
√
3ϕF2
)
. (6.1)
Within the context of the five-dimensional Einstein gravity, the rotating Kaluza-Klein
black hole solution is read off as [45]
dsˆ2(5) =
H2
H1
(
dz +A(4d)
)2 − H3
H2
(
dt+
[
2J(r −m) +m2a(pq) 12 ] sin2 θ dφ
H3
)2
+H1
( dr2
∆(r)
+ dθ2 +∆(r) sin2 θ
dφ2
H3
)
, (6.2)
where the compactified coordinate z ∼ z + 2πL, the functions ∆(r), H1, H2 and H3 are
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given by
∆(r) = r2 +m2a2 − 2mr , H3 = ∆(r)−m2a2 sin2 θ ,
H1 = H3 + p(r −m) + 2
a
√
(p/q)
(
J + a2PmQe cos θ
)
,
H2 = H3 + q(r −m) + 2
a
√
(q/p)
(
J − a2PmQe cos θ
)
, (6.3)
respectively, while the Kaluza-Klein vector A(4d) reads
A(4d) = −
[
Qe(2r + p− 2m)− aPm
√
(q3/p) cos θ
] dt
H2
−
{
2Pm(H2 +m
2a2 sin2 θ) cos θ
−(pq)− 12Qe
[
p2r −mp(p− 2m) + 4qP 2m
]
a sin2 θ
} dφ
H2
. (6.4)
In Eqs. (6.2), (6.3) and (6.4), the parameters (a,m, p, q) are integral constants, while the
parameters (J, Pm, Qe) are presented by
J =
√
pq(pq + 4m2)
4(p + q)
a ,
Pm =
1
2
√
p(p2 − 4m2)
p+ q
, Qe =
1
2
√
q(q2 − 4m2)
p+ q
, (6.5)
where Pm is the magnetic charge for the reduced four-dimensional black hole, and it will
be shown that the parameters J and Qe denote the angular momentum and electric charge
respectively. It is worth noting that the parameter a in the metric given in [45] is substituted
by ma in the present metric (6.2), like in [46].
By performing dimensional reduction to the rotating black hole solution (6.2) from five
dimensions to four dimensions, we get the four-dimensional black hole solution
ds2(4) = −
H3√
H1H2
(
dt+ [2J(r −m) +m2a√pq] sin2 θ dφ
H3
)2
+
√
H1H2
( dr2
∆(r)
+ dθ2 +
∆(r)
H3
sin2 θdφ2
)
,
eϕ/
√
3 =
√
H1/H2 , A = A(4d) , (6.6)
which is an exact solution corresponding to the Lagrangian (6.1).
In terms of the five-dimensional metric ansatz (6.2), we now compute the mass and
angular momentum of the Kaluza-Klein black holes. The fluctuation of the gravitational
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field is determined by the infinitesimal change of the parameters (m,a, p, q), that is,
m→ m+ dm , a→ a+ da , p→ p+ dp , q → q + dq . (6.7)
The Killing vectors associated with mass and the angular momentum along the φ direction
are ξˆµˆ(t) = (−1, 0, 0, 0, 0) and ξˆµˆ(φ) = (0, 0, 0, 1, 0) respectively. With the help of Eq. (4.5),
the (t, r) components of the off-shell ADT potentials corresponding to these Killing vectors
are given by
√
−gˆQˆtr(KK)
(
ξˆ(t)
)
= d(p) + d(q) +O
(1
r
)
,√
−gˆQˆtr(KK)
(
ξˆ(φ)
)
= 4d(J) +O
(1
r
)
. (6.8)
By making use of the formula (2.24) for the conserved charges, the massM and the angular
memontum Jφ reads
M =
p+ q
4G4
, Jφ =
J
G4
. (6.9)
Here the mass M is identified with the ADM mass but different from the Komar mass,
which is MKomar = q/(4G4).
On the other hand, it is completely feasible for us to evaluate the mass and the an-
gular momentum along the φ coordinate in terms of the four-dimensional reduced metric
(6.6). They coincide with the ones obtained in five dimensions respectively. This veri-
fies the frontal conclusion that the off-shell generalized ADT charges are invariant under
Kaluza-Klein dimensional reduction. However, in the four-dimensional case, apart from the
gravitational field, the gauge field and scalar field have to be taken into consideration, so
the calculations of the conserved charges are more involved. Moreover, one can test that
the angular momentum along the compactified direction z is equal to the electric charge Qe
of the four-dimensional black hole (6.6).
7 Conclusions and discussions
In the present work, to provide another novel understanding of the conserved charges for
gravity theories, we investigate the conserved charges of generally diffeomorphism invariant
gravity theories with various matter fields, particularly the ones with scalar fields and p-
form potentials, through the off-shell generalized ADT formalism, as well as the properties
of the conserved charges under Kaluza-Klein dimensional reduction on a circle S1.
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First, we construct an off-shell generalized ADT current (2.14) within the framework of
the generally diffeomorphism invariant gravity theories described by the generic Lagrangian
(2.1) through the linear combination of the two currents in Eqs. (2.11) and (2.13). The
former arises from the variation of equation (2.9), which is the total divergence for the
contraction of the vector ζν with the tensor Eµν made up of expressions of the field equa-
tions, while the latter is deduced from the Lie derivative for the variation equation (2.2)
of the Lagrangian with respect to the Killing vector. The newly constructed ADT current,
containing the term LξΘµ
(
δg, δψ(r)
)
and the terms with the variation of the Killing vector,
formally differs from those presented in [9, 10, 11]. However, in essence, all the off-shell
ADT currents are equivalent since LξΘµ
(
δg, δψ(r)
)
= 0 holds for generally diffeomorphism
gravity theories when δξµ = 0, while the variation of the Killing vectors associated with
mass and angular momentum always disappears. The merits of the ADT current (2.14)
are that the procedure to derive this current becomes simple and it makes a natural and
practical construction for derivation of its corresponding potential. Moving on to derive
the off-shell ADT potential (2.20), we further present the formula (2.24) for the conserved
charges associated with the Lagrangian (2.1).
Second, we present a generic Lagrangian (3.1) that describes a wide range of grav-
ity theories consisting of a gravitational field, multiple scalar fields and p-form potentials,
thanks to the LM term of this Lagrangian, which possesses the two general structures in
Eqs. (3.2) and (3.3) so that it incorporates a large range of terms made up of scalar fields
and p-form potentials for the Lagrangians in the context of various gravity theories with
these matter fields. Making use of the off-shell generalized ADT formalism, we derive the
off-shell Noether current (3.12) and ADT potential (3.17) associated with the Lagrangian
(3.1). Furthermore, substituting the potential (3.17) into the formula (2.24), one can ob-
tain the formulation of conserved charges for this Lagrangian. As indicated before, the
Lagrangian (3.1) is very generic. Hence, the formulation of conserved charges is applicable
to supergravity theories, the Einstein-Maxwell-dilaton theory, the low-energy effective field
theory of heterotic string theory and so on.
Third, we investigate the behaviour of the conserved charges for the theory of Einstein
gravity as well as the gravity theory with a single p-form potential and multiple scalar
fields in arbitrary dimensions by performing the Kaluza-Klein dimensional reduction along
a compactified direction. To both the two types of gravity theories, as demonstrated by Eqs.
(4.11) and (5.16), the (µ, ν) components of the (D+1)-dimensional off-shell ADT potential
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multiplied by the factor
√−gˆ coincide with those multiplied by the factor √−g in D di-
mensions. This directly leads to the conclusion that the conserved charges defined in terms
of the off-shell generalized ADT formalism are invariant under Kaluza-Klein reduction on a
circle. On the other hand, the charges given by Eqs. (4.14) and (5.18) further indicate that
the angular momentum along the compactified direction in (D + 1) dimensions is just the
electric charge with respect to the Kaluza-Klein vector Aµ in the D-dimensional reduced
theory. What is more, it has been shown that the off-shell generalized ADT method is essen-
tially equivalent with the LIW and BBC methods. As a result, the formulation of conserved
charges defined on the basis of both the two methods naturally exhibit the properties of
the off-shell ADT formalism under Kaluza-Klein reduction. To illustrate our calculations,
we explicitly evaluate the mass and angular momentum of the five-dimensional rotating
Kaluza-Klein black hole (6.2). These conserved charges coincide with their corresponding
ones for the reduced four-dimensional black hole (6.6).
Besides, there are several issues deserving to be discussed and investigated in the future
work. We first take into consideration of the potential Qˇµν given in Eq. (2.23), which arises
from the linear combination of the current J µ[1] with the one J µ[2] and depends on a generic
constant k. In the case where k 6= 0 and all the fields are off-shell, further investigation
is demanded to clarify whether this potential can be employed to present well-defined and
meaningful conserved charges of gravity theories, as well as to understand the meaning of
these conserved charges if it is possible. Next, the formula (2.24) endowed with the potential
(3.17) can be employed to derive the first law of thermodynamics for black holes with p-form
gauge fields and scalar fields.
Apart from the above two issues, as mentioned before, we have analyzed the behaviour
of the conserved charges for the Lagrangian (5.1) that includes a sole p-form potential
and multiple scalar fields under Kaluza-Klein reduction. The results demonstrate that the
conserved charges for this Lagrangian are invariant before and after dimensional reduction
on a circle. As a matter of course, the analysis should be able to apply to the more generic
Lagrangian LM with the function LM given by Eq. (3.4), which contains a number of
p-form potentials. Unfortunately, the calculations are very complex. However, we have
checked several other special cases of LM and found that the conserved charges are indeed
invariant. As a consequence, we suppose that the conserved charges defined in terms of
the off-shell generalized ADT formalism are unchanged undergoing Kaluza-Klein reduction
along a compactified direction even for the Lagrangian (3.4) that consists of a lot of p-form
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potentials as well as a number of scalar fields. Once this guess holds, one can further see
that the conserved charges associated with this Lagrangian are still unchanged under a
reduction from (D + d) dimensions to D dimensions on the d-torus T d = S1 × · · · × S1
because of the generality of the Lagrangian. Another interesting issue is to prove that the
conserved charges via the off-shell generalized ADT formulation is invariant under Kaluza-
Klein reduction in the framework of generic covariant gravity theories involving arbitrary
matter fields and higher curvature terms.
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A The off-shell Noether currents and potentials of the La-
grangians LM and Lφ
In this appendix, we present detailed calculations for the derivations of the off-shell Noether
currents and potentials associated with the Lagrangians LM = √−gLM and Lφ =
√−gLφ
given in Eq. (3.1). It has been shown in section 3 that LM is assumed to take three types
of general forms, i.e., the ones in Eqs. (3.2), (3.3) and (3.4). Accordingly, our analysis
associated with the Lagrangian LM is divided into three parts.
We first take into account the Noether current and potential for the Lagrangian LM .
When LM takes the form as the one in Eq. (3.2), the variation of the Lagrangian LM is
read off as
δLM =
√−g
[
E(gr)
(M)µν
δgµν +
m∑
k=1
E(φ)
(k)
δφ(k) +
n−1∑
p=1
E(A)µ1···µp
(p)
δA(p)µ1···µp
+∇µΘµ(M)
(
δg, δφ(k), δA(p)
)]
. (A.1)
Here the expressions of the field equations for the gravitational field, scalar fields and the
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p-form potentials, as well as the surface term are given by
E(gr)(M)µν =
∂LM
∂gµν
− 1
2
gµνLM , E(φ)(k) =
∂LM
∂φ(k)
,
E(A)µ1···µp(p) = B
µ1···µp
(p) − (p+ 1)∇µU
µµ1···µp
(p+1) ,
Θµ(M) =
n−1∑
p=1
(p+ 1)U
µµ1···µp
(p+1) δA(p)µ1···µp , (A.2)
respectively, where the two totally antisymmetric tensors B
µ1···µp
(p) and U
µ1···µ(p+1)
(p+1) are defined
through
B
µ1···µp
(p) =
∂LM
∂A(p)µ1···µp
,
U
µ1···µ(p+1)
(p+1) =
∂LM
∂F(p+1)µ1 ···µ(p+1)
, (A.3)
respectively, and it is proved that the symmetric tensor ∂LM/∂g
µν satisfies
∂LM
∂gµν
=
1
2
n−1∑
p=1
[
pB
µ1···µ(p−1)
(p)µ A(p)νµ1···µ(p−1) + (p+ 1)U
µ1···µp
(p+1)µ F(p+1)νµ1 ···µp
]
. (A.4)
The Lie derivative of LM along the ζ
µ vector is
ζν∇νLM =
m∑
k=1
E(φ)(k) ζν∇νφ(k) +
n−1∑
p=1
B
µ1···µp
(p) ζ
ν∇νA(p)µ1···µp
+
n−1∑
p=1
U
µ1···µ(p+1)
(p+1) ζ
ν∇νF(p+1)µ1···µ(p+1) . (A.5)
Substituting both the following equations
B
µ1···µp
(p) ζ
ν∇νA(p)µ1···µp = Bµ1···µp(p) ζνF(p+1)νµ1···µp
−p
(
∇µBµµ1···µ(p−1)(p)
)
ζνA(p)νµ1···µ(p−1)
+pζν∇µ
(
B
µµ1···µ(p−1)
(p) A(p)νµ1···µ(p−1)
)
U
µ1···µ(p+1)
(p+1) ζ
ν∇νF(p+1)µ1···µ(p+1) = (p+ 1)U
µµ1···µp
(p+1) ζ
ν∇µF(p+1)νµ1···µp (A.6)
into Eq. (A.5), one arrives at the following
ζν∇νLM =
m∑
k=1
E(φ)(k) ζν∇νφ(k) +
n−1∑
p=1
E(A)µ1···µp(p) ζνF(p+1)νµ1···µp
−
n−1∑
p=1
p
(
∇µE(A)µµ1···µ(p−1)(p)
)
ζνA(p)νµ1···µ(p−1) + 2ζ
ν∇µ
(∂LM
∂gµν
)
. (A.7)
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On the other hand, for a p-form potential A(p), its Lie derivative along the vector ζ
µ can
be defined as
LζA(p)µ1···µp = ζνF(p+1)νµ1···µp −
p∑
k=1
(−1)k∇µk
(
ζνA(p)νµ1···µ(k−1)µ(k+1)···µp
)
. (A.8)
Making use of this definition, we have
E(A)µ1···µp(p) LζA(p)µ1···µp = E
(A)µ1···µp
(p) ζ
νF(p+1)νµ1···µp
−p
(
∇µE(A)µµ1 ···µ(p−1)(p)
)
ζνA(p)νµ1···µ(p−1)
+p∇µ
(
E(A)µµ1 ···µ(p−1)(p) ζνA(p)νµ1···µ(p−1)
)
. (A.9)
With help of Eqs. (A.7) and (A.9), one can obtain the identity
2∇µ
(Eµν(M)ζν) = 2E(gr)µν(M) ∇µζν −
m∑
k=1
E(φ)(k) ζν∇νφ(k)
−
n−1∑
p=1
E(A)µ1···µp(p) LζA(p)µ1···µp , (A.10)
where the Eµν(M) tensor is read off as
Eµν(M) = E
(gr)µν
(M) −
1
2
n−1∑
p=1
pE(A)µµ1 ···µ(p−1)(p) Aν(p)µ1···µ(p−1) . (A.11)
It is shown in Eq. (A.11) that the non-symmetric 2-rank tensor Eµν(M) is only the combination
for the expressions of the field equations E(gr)µν(M) and E
(A)µ1···µp
(p) , which are associated with
the gravitational field gµν and the gauge fields A(p) respectively, while the contribution from
the scalar fields φ(k) is absent. Equation (A.10) tests the identity (2.3) for generic covariant
theories. In particular, when the vector ζµ becomes the Killing vector ξµ that satisfies the
conditions in Eq. (2.8), Eq. (A.10) yields that the contraction between the tensor Eµν
(M)
and
the Killing vector is divergence-free.
Following the procedure to derive the general off-shell Noether current (2.6) in section
2, one can further define an off-shell Noether current Jµ(M) with respect to the Lagrangian
LM in terms of Eqs. (A.1) and (A.10) by
Jµ(M) = 2Eµν(M)ζν + ζµLM −Θµ(M)
(LζA(p)) ,
= ∇νKµν(M) , (A.12)
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where the off-shell Noether potential Kµν(M) is presented by
Kµν(M) = −
n−1∑
p=1
p(p+ 1)U
µνµ1···µ(p−1)
(p+1) ζ
σA(p)σµ1 ···µ(p−1) , (A.13)
which demonstrates that only the field strengths (F(q1), · · ·, F(qJ )) in LM are associated with
the off-shell Noether potential, while all the potentials (A(p1), ···, A(pI )) make no contribution
to the potential.
On the other hand, in the case where LM takes the same form as the one in Eq. (3.3), one
only needs to postulate that the Levi-Civita tensor density ǫ¯µ1···µD is a D-form “potential”
A(D)µ1···µD = ǫ¯µ1···µD . Under such an assumption, one obtains that F(D+1) = dA(D) = 0,
∇µ
(√−gA(D)µ1···µD) = 0 and Bµ1···µD(D) = 0 because of the disappearance of variation for the
A(D) potential. Due to these facts, one can further observe that all the results with respect
to LM described by Eq. (3.2) still hold in the case where LM possesses the form in Eq.
(3.3). This means that all the results are identified for both the forms of LM .
What is more, in the case where LM takes the form given in Eq. (3.4), that is LM = LM ,
all the results are equivalent with those for LM with the generic form in Eq. (3.2). Therefore,
here we do not plan to give detailed derivations but directly present the surface term Θµ(LM )
and the off-shell Noether potential Kµν(LM ). The former, deduced from the surface term Θ
µ
(M)
in Eq. (A.2), has the form
Θµ(LM ) =
t∑
c=1
qcU
µµ1···µ(qc−1)
(qc)
δA(qc−1)µ1···µ(qc−1)
+
j∑
c=1
q˜cU
µµ1···µ(q˜c−1)
(q˜c)
δA(q˜c−1)µ1···µ(q˜c−1) , (A.14)
where the totally antisymmetric qc(q˜c)-rank tensors U
µ1···µqc
(qc)
and U
µ1···µq˜c
(q˜c)
are defined by
the second equation in Eq. (A.3), namely, U(qc/q˜c) = ∂LM/∂F(qc/q˜c). However, it is worth
noting that all the field strengths F(qc/q˜c) are treated as independent variables when the
second equation in Eq. (A.3) is applied to get U(qc/q˜c). By following this, when 1 ≤ c ≤ t,
the tensor U(qc) reads
U
µ1···µqc
(qc)
= WH[c]µ(qc+1)···µNY
µ1···µN
(N) ,
H[c]µ(qc+1)···µN =
(
F(q1) · · · F(q(c−1))F(q(c+1)) · · · F(qt)A(p1) · · · A(ps)
)
[µ(qc+1)···µN ]
. (A.15)
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In addition, when 1 ≤ c ≤ j, the tensor U(q˜c) is given by
U
µ1···µq˜c
(q˜c)
= WHµ1···µN
(N)
Y[c]µ(q˜c+1)···µN ,
Y[c]µ(q˜c+1)···µN =
(
F(q˜1) · · · F(q˜(c−1))F(q˜(c+1)) · · · F(q˜j)A(p˜1) · · ·A(p˜i)
)
[µ(q˜c+1)···µN ]
. (A.16)
Starting out with Eq. (A.13), we derive the off-shell Noether potential associated with LM ,
that is,
Kµν(LM ) = −
t∑
c=1
qc(qc − 1)Uµνµ1···µ(qc−2)(qc) ζ
σA(qc−1)σµ1 ···µ(qc−2)
−
j∑
c=1
q˜c(q˜c − 1)Uµνµ1···µ(q˜c−2)(q˜c) ζ
σA(q˜c−1)σµ1 ···µ(q˜c−2) . (A.17)
Here the Noether potential Kµν(LM ), as well as the surface term in Eq. (A.14), is also appli-
cable to the case where LM has the same form as the one in Eq. (3.3). For example, in
such a case, if it is supposed that Y
(D)
µ1···µD = ǫ¯µ1···µD , one finds that the surface term and
the Noether potential are just the ones given in Eqs. (A.14) and (A.17) in the absence of
the U(q˜c) term, respectively.
In the following of this appendix, we calculate the off-shell Noether current and potential
of the Lagrangian Lφ. The variation of the Lagrangian yields
δLφ =
√−g
[
E(gr)(φ)µνδgµν +
m∑
k=1
E˜(φ)(k) δφ(k) +∇µΘµ(φ)
(
δφ(k)
)]
, (A.18)
where the expressions for the field equations E(gr)(φ)µν and E˜
(φ)
(k) for the gravitational field and
scalar fields respectively, are given by
E(gr)(φ)µν =
m∑
i,j=1
Xij∇µφ(i)∇µφ(j) − 1
2
gµνLφ
E˜(φ)(k) = −2
m∑
i=1
∇µ
(
Xik∇µφ(i)
)
+
m∑
i,j=1
∂Xij
∂φ(k)
∇µφ(i)∇µφ(j) + ∂V
∂φ(k)
, (A.19)
and the surface term Θµ(φ) is read off as
Θµ(φ) = 2
m∑
i,j=1
Xij
(∇µφ(i))δφ(j) . (A.20)
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For the expressions for the equations of motion E(gr)(φ)µν and E˜
(φ)
(k) , one is able to prove that
they satisfy the following identify
2∇µ
(Eµν(φ)ζν) = 2E(gr)µν(φ) ∇µζν −
m∑
k=1
E˜(φ)(k) ζν∇νφ(k) , (A.21)
where Eµν(φ) = E
(gr)µν
(φ) , which contains no expressions of the field equations E˜
(φ)
(k) . This implies
that the scalar fields φ(k) makes no contribution to the divergence term, unlike the case for
the gauge fields. Equivalently, Eq. (A.21) can be rewritten as
∇µE(gr)µν(φ) +
1
2
m∑
k=1
E˜(φ)(k)∇νφ(k) = 0 , (A.22)
which can be regarded as a generalized Bianchi identity for the scalar fields. The same
identity appears in the case of Horndeski theory [17].
As before, in terms of the Eqs. (A.18) and (A.21), we get the off-shell Noether current
for the Lagrangian Lφ that has the form
Jµ(φ) = 2Eµν(φ)ζν + ζµLφ −Θµ(φ)
(Lζφ(k))
= 0 , (A.23)
which yields a vanishing off-shell Noether potential Kµν(φ), namely,
Kµν
(φ)
= 0 . (A.24)
Nevertheless, in the case of the Horndeski theory, it was shown in [17] that the off-shell
Noether potential related to the Lagrangian containing the terms with higher derivatives of
the scalar fields is non-zero.
B The (D+1)-dimensional Christoffel symbols and surface
term
In this appendix, we first derive the explicit expressions of the (D+1)-dimensional Christoffel
symbols Γˆρˆµˆνˆ in terms of all the D-dimensional fields, such as the gravitational field gµν ,
the Kaluza-Klein vector Aµ and the dilaton ϕ. Subsequently the Christoffel symbols are
used to derive the exact relationship of the higher-dimensional surface term Θˆµˆ
(Rˆ)
to its
lower-dimensional counterpart.
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We now calculate the Christoffel symbols Γˆρˆµˆνˆ . On basis of the (D + 1)-dimensional
metric ansatz (4.2), the components of the (D+1)-dimensional metric tensor gˆµˆνˆ are given
in terms of the D-dimensional fields by
gˆµν = e
2αϕgµν + e
2βϕAµAν , gˆµz = e2βϕAµ , gˆzz = e2βϕ . (B.1)
As a result, the inverse gˆµˆνˆ of the metric tensor are presented by
gˆµν = e−2αϕgµν , gˆµz = −e−2αϕAµ , gˆzz = e−2βϕ + e−2αϕAµAµ . (B.2)
According to the definition for the Christoffel symbols, together with help of the expressions
of gˆµˆνˆ and gˆ
µˆνˆ , the components Γˆρµν and Γˆzµν of the higher-dimensional Christoffel symbols
Γˆρˆµˆνˆ are given in terms of the lower-dimensional fields by
Γˆρµν = Γ
ρ
µν + e
−2αϕδρ(µ∇ν)e2αϕ −
1
2
e−2αϕgµν∇ρe2αϕ
+e2(β−α)ϕA(µF ρν) −
1
2
e−2αϕAµAν∇ρe2βϕ ,
Γˆzµν = −AρΓˆρµν + e−2βϕA(µ∇ν)e2βϕ + ∂(µAν) , (B.3)
where the field strength Fµν is defined through Fµν = 2∂[µAν], while the other components
are read off as
Γˆρzz = −
1
2
e−2αϕ∇ρe2βϕ ,
Γˆzzz = −AρΓˆρzz =
1
2
e−2αϕAρ∇ρe2βϕ ,
Γˆρµz = −
1
2
e−2αϕAµ∇ρe2βϕ + 1
2
e2(β−α)ϕF ρµ ,
Γˆzµz = −
1
2
e2(β−α)ϕF ρµ Aρ +
1
2
e−2αϕAµAρ∇ρe2βϕ + 1
2
e−2βϕ∇µe2βϕ . (B.4)
Finally, utilizing the above higher-dimensional Christoffel symbols Γˆρˆµˆνˆ , we evaluate the
(D + 1)-dimensional surface term Θˆµˆ
(Rˆ)
in terms of all the D-dimensional fields. Its µˆ = µ
components are presented by
Θˆµ
(Rˆ)
= Θˆµ(δg) + Θˆ
µ
(δA) + Θˆ
µ
(δφ) , (B.5)
where
Θˆµ(δg) = −e−2αϕ[∇ρδgρµ −∇µ(gρσδgρσ)]− (Dα+ β)e−2αϕ(∇νϕ)δgµν
+αe−2αϕ(∇µϕ)gρσδgρσ ,
Θˆµ(δA) = −e2(β−2α)ϕFµνδAν , (B.6)
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and the Θˆµ(δφ) term is read off as
Θˆµ(δφ) = [2(D − 1)α− β](∇µϕ)δe−2αϕ + 3βe2(β−α)ϕ(∇µϕ)δe−2βϕ
+(D − 1)∇µ(δe−2αϕ)+ e2(β−α)ϕ∇µ(δe−2βϕ) . (B.7)
Making use of the values of the α and β constants in Eq. (4.3), we simplify Eq. (B.5) as
Θˆµ
(Rˆ)
= e−2αϕ
[∇µ(gρσδgρσ)−∇ρδgρµ − (∇µϕ)δϕ
−e−2(D−1)αϕFµνδAν
]
+ e−2αϕ
(∇µe−2αϕ)δe2αϕ
+
1√−g δ
(√−g∇µe−2αϕ) . (B.8)
Here we do not plan to present the Θˆz
(Rˆ)
component since the definition of the conserved
charges does not involve this quantity.
C The (D+1)-dimensional Killing vector
In the present appendix, the main goal consists in deriving the Killing vector in (D+1) di-
mensions on basis of the features of the D-dimensional Killing vector, as well as studying the
behaviour of the Lie derivative for the gauge fields with respect to the (D+1)-dimensional
Killing vector.
We first prove that the (D + 1)-dimensional ξˆµˆ(b) vector, defined through
ξˆµˆ(b) = (ξˆ
µ
(b), ξˆ
z
(b)) = (ξ
µ, b) , (C.1)
is a Killing vector, where ξµ is the D-dimensional Killing vector obeying Eq. (4.8) and the
parameter b is an arbitrary constant.
In order to prove ξˆµˆ(b) is a Killing vector in (D+1)-dimensional spacetime, we only need
to prove the following Killing equation
∇ˆµˆξˆνˆ(b) + ∇ˆνˆ ξˆµˆ(b) = 0 (C.2)
in local coordinates holds for any value of the vector ξˆµˆ(b). With help of the Christoffel
symbols in Appendix B, we obtain
∇ˆµξˆν(b) = e−2αϕ∇µξν +
1
2
e−4αϕgµνξσ∇σe2αϕ + ξ[µ∇ν]e−2αϕ
+
1
2
e2(β−2α)ϕ(b+Aσξσ)Fµν , (C.3)
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which yields
∇ˆµξˆν(b) + ∇ˆν ξˆµ(b) = −e−2αϕLξgµν − gµνLξe−2αϕ
= 0 = −Lξgˆµν . (C.4)
The above equation implies that the (µ, ν) components of Eq. (C.2) holds.
When µˆ = µ and νˆ = z, the left hand side of Eq. (C.2) is given in terms of the
lower-dimensional fields by
∇ˆµξˆz(b) + ∇ˆz ξˆµ(b) = e−2αϕgµρ
(LξAρ −AσLξgρσ)+AµLξe−2αϕ
= 0 = Lξgˆµz . (C.5)
Obviously, the (µ, z) components of Eq. (C.2) also holds.
When µˆ = z and νˆ = z, the left hand side of Eq. (C.2) is presented by
2∇ˆz ξˆz(b) = −Lξ
(
e−2αϕAµAµ + e−2βϕ
)
= 0 = −Lξgˆzz , (C.6)
which means that the (z, z)-component obeys Eq. (C.2). By a combination of Eqs. (C.4),
(C.5) and (C.6), one sees that the (D+1)-dimensional Killing equation (C.2) indeed holds
for all the components.
Finally, we show that the Lie derivative of the potential LξˆAˆ(n−1)µˆ1···µˆ(n−1) in (D + 1)-
dimensional spacetime along the Killing vector ξˆµˆ vanishes, that is,
LξˆAˆ(n−1)µˆ1···µˆ(n−1) = 0 , (C.7)
if the Lie derivative of the potentials in D-dimensional spacetime satisfies Eq. (5.7). In
fact, according to the definition of the Lie derivative, one sees that
LξˆAˆ(n−1)µ1···µ(n−1) = ξˆµˆ∂ˆµˆAˆ(n−1)µ1···µ(n−1)
−
n−1∑
k=1
(−1)kAˆ(n−1)νˆµ1···µ(k−1)µ(k+1)···µ(n−1) ∂ˆµˆk ξˆνˆ
= ξµ∂µA(n−1)µ1···µ(n−1)
−
n−1∑
k=1
(−1)kA(n−1)νµ1···µ(k−1)µ(k+1)···µ(n−1)∂µkξν
= LξA(n−1)µ1···µ(n−1) = 0 . (C.8)
On the other hand, in the same manner, one gets
LξˆAˆ(n−1)µ1···µ(n−2)z = LξA(n−2)µ1···µ(n−2) = 0 . (C.9)
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D The Kaluza-Klein reduction of the Lagrangian with p-form
potentials
In this appendix, according to the Kaluza-Klein theory, we perform a dimensional reduction
to the general Lagrangian including multiple p-form potentials and scalar fields from (D+1)
dimensions to D dimensions on the circle S1. As before, the (D+1)-dimensional spacetime
is endowed with the coordinate system xˆµˆ = (xµ, z), and the (D + 1)-dimensional metric
ansatz is still supposed to take the form given in Eq. (4.2).
As a warm-up, we prove that the contraction between the (D + 1)-dimensional totally
antisymmetric n-rank tensors Φˆµˆ1···µˆn(n) and Ψˆ
(n)
µˆ1···µˆn can be expressed as
Φˆµˆ1···µˆn(n) Ψˆ
(n)
µˆ1···µˆn = gˆ
µ2ν2 · · · gˆµnνn
(
gˆµ1ν1Φˆ
(n)
ν1···νnΨˆ
(n)
µ1···µn + ngˆ
zzΦˆ
(n)
zν2···νnΨˆ
(n)
zµ2···µn
+ngˆµ1zΦˆ
(n)
zν2···νnΨˆ
(n)
µ1···µn + ngˆ
zν1Φˆ
(n)
ν1···νnΨˆ
(n)
zµ2···µn
)
+
n(n− 1)
2
gˆµ1zgˆzν2 gˆµ3ν3 · · · gˆµnνnΦˆ(n)zν2···νnΨˆ(n)µ1zµ3···µn
+
n(n− 1)
2
gˆzν1 gˆµ2z gˆµ3ν3 · · · gˆµnνnΦˆ(n)ν1zν3···νnΨˆ(n)zµ2···µn . (D.1)
Moreover, if
Φˆ(n)µ1···µn = Φ(n)µ1···µn , Φˆ(n)µ1···µ(n−1)z = Φ(n−1)µ1···µ(n−1) ,
Ψˆ(n)µ1···µn = Ψ(n)µ1···µn , Ψˆ(n)µ1···µ(n−1)z = Ψ(n−1)µ1···µ(n−1) , (D.2)
where Φ(n), Φ(n−1), Ψ(n) and Ψ(n−1) are totally antisymmetric tensors in D-dimensional
spacetime, Eq. (D.1) can be simplified as
Φˆµˆ1···µˆn(n) Ψˆ
(n)
µˆ1···µˆn = e
−2nαϕ
(
Φµ1···µn(n) − nΦ
[µ1···µ(n−1)
(n−1) Aµn]
)
×
(
Ψ
(n)
µ1···µn − nΨ(n−1)[µ1···µ(n−1)Aµn]
)
+ne2(D−n−1)αϕΦ
µ1···µ(n−1)
(n−1) Ψ
(n−1)
µ1···µ(n−1) . (D.3)
Now we move on to consider the Kaluza-Klein reduction of the (D + 1)-dimensional
Lagrangian for p-form potentials Aˆ(p) and scalar fields φ
(k) (k = 1, ···,m), which is postulated
to take the general form
LˆMˆ =
√
−gˆW (φ(k))Hˆ µˆ1···µˆN(N) Yˆ(N)µˆ1···µˆN , (D.4)
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where the two totally antisymmetric N -rank tensors Hˆ(N) and Yˆ(N) in (D+1)-dimensional
spacetime are read off as
Hˆ(N)µˆ1···µˆN =
(
Fˆ(q1) · · · Fˆ(qt)Aˆ(p1) · · · Aˆ(ps)
)
[µˆ1···µˆN ] ,
Yˆ(N)µˆ1···µˆN =
(
Fˆ(q˜1) · · · Fˆ(q˜j)Aˆ(p˜1) · · · Aˆ(p˜i)
)
[µˆ1···µˆN ] , (D.5)
taking the similar structures as the ones given in Eq. (3.5). In Eq. (D.5), all the potentials
are defined by
Aˆ(pc) = A(pc) +A(pc−1) ∧ dz , 1 ≤ c ≤ s ,
Aˆ(p˜c) = A(p˜c) +A(p˜c−1) ∧ dz , 1 ≤ c ≤ i ,
Aˆ(qc−1) = A(qc−1) +A(qc−2) ∧ dz , 1 ≤ c ≤ t ,
Aˆ(q˜c−1) = A(q˜c−1) +A(q˜c−2) ∧ dz , 1 ≤ c ≤ j , (D.6)
where all the quantities A(p) (p = pc, pc − 1, · · ·, q˜c − 2) are the D-dimensional potentials,
which only depend on the xµ coordinates. As a consequence, the components of the (D+1)-
dimensional field strengths Fˆ(qc) and Fˆ(q˜c), defined through Fˆ(qc) = dAˆ(qc) and Fˆ(q˜c) = dAˆ(q˜c)
respectively, are expressed as
Fˆ
(qc)
µ1···µqc = F
(qc)
µ1···µqc , Fˆ
(qc)
µ1···µ(qc−1)z = F
(qc−1)
µ1···µ(qc−1) ,
Fˆ
(q˜c)
µ1···µq˜c = F
(q˜c)
µ1···µq˜c , Fˆ
(q˜c)
µ1···µ(q˜c−1)z = F
(q˜c−1)
µ1···µ(q˜c−1) . (D.7)
In the above equation, the l-form F(l) = dA(l−1) (l = qc, qc− 1, q˜c, q˜c− 1) are D-dimensional
field strengths. Obviously, all the field strengths are independent of the z coordinate. In
addition, it is supposed that all the scalar fields φ(k) do not rely on the z variable, yielding
that the function W
(
φ(k)
)
does not depend on the z coordinate too.
As in Eq. (D.2), we further introduce the following D-dimensional totally antisymmetric
tensors, which are
H(N)µ1···µN = Hˆ(N)µ1···µN , H(N−1)µ1···µ(N−1) = Hˆ(N)µ1···µ(N−1)z ,
Y(N)µ1···µN = Yˆ(N)µ1···µN , Y(N−1)µ1···µ(N−1) = Yˆ(N)µ1···µ(N−1)z , (D.8)
respectively. On basis of the (D+1)-dimensional metric ansatz (4.2), by performing Kaluza-
Klein reduction on a circle, together with help of Eq. (D.3), the higher-dimensional La-
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grangian LˆMˆ is rewritten in terms of the lower-dimensional fields as
LˆMˆ = L˜M
=
√−gW
[
e−2(N−1)αϕ
(
Hµ1···µN(N) −NH
[µ1···µ(N−1)
(N−1) AµN ]
)
×
(
Y
(N)
µ1···µN −NY (N−1)[µ1···µ(N−1)AµN ]
)
+Ne2(D−N)αϕH
µ1···µ(N−1)
(N−1) Y
(N−1)
µ1···µ(N−1)
]
. (D.9)
E The Kˆµν
(Fˆ )
potential in terms of the D-dimensional fields
To get the exact relationship of the off-shell ADT potentials in higher and lower dimensions,
in this appendix, detailed calculations are presented to derive the expression for the (µ, ν)-
component of the (D+1)-dimensional off-shell Noether potential Kˆ µˆνˆ
(Fˆ )
(
ξˆ(b)
)
, defined through
Eq. (5.12), in terms of all the D-dimensional fields, where the ξˆµ(b) vector, given in Eq. (C.1),
has been proved to be the (D + 1)-dimensional Killing vector.
For convenience, four tensors Pˆµν(i) (i = 1, 2, 3) and Pˆ
µν
(b) are introduced to express the
(µ, ν)-component of the (D+1)-dimensional off-shell Noether potential Kˆ µˆνˆ
(Fˆ )
, appearing in
Eq. (5.12), as the following form
Kˆµν
(Fˆ )
(
ξˆ(b)
)
= −2n(n− 1)γ[(Pˆµν(1) + Pˆµν(2) + Pˆµν(3))+ bPˆµν(b) ] , (E.1)
where the quantities Pˆµν(i) (i = 1, 2, 3) are given by
Pˆµν(1) = gˆ
µαgˆνβFˆ
µˆ1···µˆ(n−2)
(n)αβ ξ
σAˆ(n−1)σµˆ1 ···µˆ(n−2) ,
Pˆµν(2) = gˆ
µαgˆνzFˆ
µˆ1···µˆ(n−2)
(n)αz ξ
σAˆ(n−1)σµˆ1 ···µˆ(n−2) ,
Pˆµν(3) = gˆ
µz gˆνβFˆ
µˆ1···µˆ(n−2)
(n)zβ ξ
σAˆ(n−1)σµˆ1 ···µˆ(n−2) , (E.2)
and the quantity Pˆµν(b) is read off as
Pˆµν(b) =
(
gˆµαgˆνβFˆ
µˆ1···µˆ(n−2)
(n)αβ + gˆ
µαgˆνzFˆ
µˆ1···µˆ(n−2)
(n)αz
+gˆµz gˆνβFˆ
µˆ1···µˆ(n−2)
(n)zβ
)
Aˆ(n−1)zµˆ1···µˆ(n−2)
= (−1)ne−2nαϕF˜µνµ1···µ(n−2)(n) A
(n−2)
µ1···µ(n−2) . (E.3)
To get the last equality in the above equation, Eq. (D.1) has been used. By utilizing Eq.
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(D.1) once again, we obtain that
Pˆµν
(1)
= e−2nαϕξσ
[
A
(n−1)
σµ1···µ(n−2)
(
F
µνµ1···µ(n−2)
(n)
− (n− 2)Fµνµ1 ···µ(n−3)
(n−1) Aµ(n−2)
)
−(n− 2)A(n−2)σµ1 ···µ(n−3)
(
(n− 3)Fµνµ1 ···µ(n−4)ρ(n−1) AρAµ(n−3)
+F
µνµ1···µ(n−3)ρ
(n) Aρ −A2F
µνµ1···µ(n−3)
(n−1)
)]
+(n− 2)e2(D−n−1)αϕFµνµ1···µ(n−3)(n−1) ξσA
(n−2)
σµ1···µ(n−3) , (E.4)
and the quantities Pˆµν(2) and Pˆ
µν
(3) take the following values
Pˆµν(2) = −e−2nαϕξσAνF
µµ1···µ(n−2)
(n−1)
(
A
(n−1)
µ1···µ(n−2)σ + (n − 2)A(n−2)µ1···µ(n−3)σAµ(n−2)
)
,
Pˆµν(3) = −Pˆµν(2)(µ↔ ν) . (E.5)
Through a combination of Eqs. (E.3), (E.4) and (E.5), the off-shell Noether potential
Kˆµν
(Fˆ )
(
ξˆ(b)
)
can be rewritten in terms of the D-dimensional fields as the form
Kˆµν
(Fˆ )
(
ξˆ(b)
)
= e−2αϕKµν(F )
(
ξ
)− 2bn(n− 1)γe−2nαϕF˜µµ1···µ(n−2)ν(n) A(n−2)µ1···µ(n−2) . (E.6)
Here the n-form field strength F˜(n) is given by Eq. (5.6).
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